416
Acta Cryst. (1998). A54, 416-429

Symmetrical X-ray Diffraction in a Perfect Rectangular ¢ x [ Crystal.
Extinction and Absorption

GUNNAR THORKILDSEN* AND HELGE B. LARSEN

Department of Mathematics and Natural Science, Stavanger College, Ullandhaug, 4004 Stavanger, Norway.
E-mail: gunnar.thorkildsen@tn.his.no

(Received 19 November 1997; accepted 24 December 1997)

Abstract

The boundary-value Green function technique has been
used with the Takagi-Taupin equations to explore
analytically the diffraction in a perfect rectangular ¢ x /
crystal for a symmetrical coplanar scattering mode. The
important contribution is the development of the
integration structure over the entrance and exit surfaces
of the crystal. A single parameter, ¢ = (t/l)tan6,,,
maps the different crystals and the scattering geome-
tries. In the limits { — 0 and ¢ — o0, the well known
functions for the primary extinction factors for perfect
semi-infinite crystals in the case of Laue and Bragg
scattering are retrieved. Numerical integrations extend
the range of applicability of the method. Both ordinary
absorption and generalized extinction, ie. the joint
effect on the kinematical integrated power due to
multiple scattering and resonant scattering, are
addressed. Germanium is used as a model system for
some of the calculations.

1. Introduction

One of the main problems in dealing with dynamical
diffraction in perfect crystals is to take the finite crystal
shape into consideration. Approaches based on the
fundamental theory, ¢f. Zachariasen (1945) or Pinsker
(1978), are in principle only valid for crystals having an
infinite laterally extended diffraction plane. In a
previous paper (Thorkildsen & Larsen, 1998), hereafter
denoted TL, we have shown that the Takagi-Taupin
equations (Takagi, 1962, 1969; Taupin, 1964) combined
with the boundary-value Green function technique
comprise a powerful tool to analytically handle the
calculations of dynamical scattering in perfect spherical
and cylindrical crystals.

In this paper, we use the same concepts to analyse
dynamical scattering in a perfect crystal with a rectan-
gular-shaped diffraction plane. Uragami (1969, 1970,
1971), in his work on Pendellésung fringes in finite
crystals, introduces the division of the crystal into
regions and gives closed expressions for the diffracted
fields for both Laue and Bragg scattering. His results
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are used for numerical calculations in this work. Saka
et al. (1972a,b, 1973), cf. Kato (Azaroff et al., 1974),
analysed and classified the wave fields for different
geometrical conditions in polyhedral crystals. Later,
Olekhnovich & Olekhnovich (1978) used the ideas of
Uragami to numerically calculate the primary extinc-
tion factor in a square-cross-section parallelepiped
crystal for a limited range of the Bragg angle. Becker
(1977) and Becker & Dunstetter (1984) made important
contributions advocating the point-source formalism
and the concept of an extended volume to handle
scattering in finite crystals. A renewed interest in the
problem is due to the development of Bragg—Fresnel
zone plates (Snigirev & Suvorov, 1993) in which
rectangular edges and surface profiling of silicon single
crystals have been used for the focusing of a periodic
object.

In the present work, we treat the case of symmetrical
coplanar scattering. The main development is a general
integration structure for the entrance and exit surfaces
which makes it possible to handle any ¢ x [ cross
section. The general theoretical foundations are given
in §2. In §3, we apply the formalism to calculate
extinction and absorption factors. Both a symbolic
calculation based on a series-expansion approach and a

S,
S, \1 S, °

S

Fig. 1. Crystal dimensions and face labels. Entrance surfaces are A and
B, exit surfaces A and D. The angle between s, and s, is 26,,.
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numerical calculation using Uragami’s results are
performed.

2. Theory
2.1. General

We seek the integrated diffracted power, P,, from a
perfect t x [ crystal when it is subject to an incoming
plane wave with wave vector in the direction of s,. The
direction of the diffracted wave is s,. Fig. 1 shows the
actual geometry.

In TL, it was shown that the integrated diffracted
power can be expressed by

P, =PO(1/vsin20,) Y [dz [ s,-dM

r m=m'(r) M(m)
x [ 8,-dSIG,(B,, Aylms P2
(M)

x exp[—u(A, + Ay)l. ¢y

Pﬁ,o) is the kinematical integrated power. v is the volume
of the crystal and 6,, is the Bragg angle. The set of
functions {ix,,G,} are the boundary-value Green
functions for the wave fieldt D,. They are the solutions
of the Takagi-Taupin equations for two beams written
in the representation

3D, /ds, = ik,D, )
aD,/ds, = ik,,D, (3)

with the boundary condition
D,(8) = 8(s3). @)

§ is a source point on the entrance surface and &
denotes Dirac’s § function.

Separate functions G, exist in each region m, which
are bounded by the characteristic lines associated with
the equations, ¢f. Sommerfeld (1949) and Sneddon
(1957). These regions originate as a consequence of the
limits imposed on the wave propagation by the crystal
boundaries. It is usual to differentiate between a Laue
(r=L) and a Bragg (r=B) family of regions,
depending on the position of S on the entrance surface,
cf. §2.2. The coordinates (A,, A,) represent the differ-
ences [s,(M) — 5,(S), s,(M) — s5,(S)], where M is a point
on the exit surface. Fig. 2 shows two point sources, with
associated local coordinate systems, located on the A
and B parts of the entrance surface, respectively. A
global coordinate system, (r,, r;), which will serve as a
reference for the surface integrations, is also shown.
The relations that exist between the various coordinate
systems are explored in Appendix A.

t Consult TL Section 2.1 for a rigorous definition of the field
functions D, and D,,.
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It is convenient to treat the diffracted field at the exit
as a superposition of four discrete scattering processes
depending on the possible combinations of the posi-
tions of S and M on the crystal surfaces. We denote the
processes as A-A, A-D, B-A and B-D scattering, cf.
Fig. 1. The integration [y, s, - dS sums up the contri-
butions from all sources S which give rise to a diffracted
wave at the exit point M. In the same way, the inte-
gration fM(m) s, - dM sums the contributions from all
exit points. The integration limits depend upon a
geometrical factor, ¢, which is defined in §2.2. Each
region m, at the exit, is treated separately. The vectors
s, and s, define a diffraction plane at a height z along
the vertical extension of the crystal. m' is the subset of
regions that contributes at the exit.

In equation (1), u is the linear absorption coefficient,
thus the effect of absorption along the optical routes
caused by the multiple-scattering events is included in
the calculations. Furthermore, as will become evident,
the functions G, will depend upon the product of
structure factors, F,F_,, sincet

KnoKon = (reA'C/Vc)ZFhF—h' &)

In the general case when resonant scattering is
included, this parameter will become a complex quan-
tity:

KhoKah = |KhoKoh| CXp(lq)) (6)
Q= Qo + Pro- (M

¥pq 1s the single phase associated with «,,,. In this work,
we define the extinction length by

Aor = 1/(Kporegn). ®

Owing to the variation of the anomalous scattering
functions f’ and f” with the wavelength, we will have
F, = F,(A) and ® = ®(A).

t All symbols have their standard interpretation: r,: classical electron
radius, A: wavelength, C: polarization factor, V: unit-cell volume, F:
structure factor.

S, s

Fig. 2. Actual coordinate systems used.
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2.2. Region structure

The region structure associated with a source point
on the A surface is shown in Fig. 3. The corresponding
region structure with source point on B is shown in Fig,
4. The number of regions present at the exit is linked to
the value of the parameter ¢ defined by:

¢{=(t/Dtand,,. 9

This parameter thus comprises both the crystal dimen-
sion, (, I), and the scattering condition, 6,,. Figs. 5 and 6
indicate the build up of contributions with increasing
value of {. Depending on the position of the source
point, different regions are realised at a given exit point
and we have to add the field amplitudes. This is sorted
out through the integration set-up, cf. §2.5. For a
pyramidal or bipyramidal shaped crystal, we have that
¢ =142).

It should be noted that the topology of the region
structures presented here is identical to that of a crystal
with a circular diffraction plane, cf. TL.

2.3. Calculation procedure

To simplify the implementation in the mathematical
software system Mathematica,t the analysis will be
carried out using dimensionless coordinates. All
lengths} are scaled to the characteristic length £ defined

+ Mathematica is a trademark of Wolfram Research Inc., Champaign,
IL 61820, USA.
} Including parameters a and b introduced in Figs. 3 and 4.

S r(S)
s
(SA ’ sl« ) ( a, 0 )
so
(a.a) A (5,,5,-a)
(54:5:)
(2a,a)
(s,.5,-a)
(2a,2a)

Fig. 3. The Bragg family of regions, or regions with source S on the A
surface. ® represent points (s, s,) within the crystal. a = I/sin#,,,.
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by
£ = (I/2sinb,,). (10)

In general, £ = £(z) but here we will only consider
parallelepiped shaped crystals, i.e. crystals with a fixed
cross section in the vertical direction.

The Takagi-Taupin equations become:

aD, /s, = ik, tD,
oD, /s, = ik, D,

(11)
(12)

and we express the integrated power by the equationt

P, =PY020)Y. Y [ dy

S m=m'(£:8) M({:m,S)

[ dx
S(y,4:m.S)

X |Gy(A,, Alm; ro) expl—po(A, + AL (13)

S counts the actual surface combinations (A-A, A-D,
B-A, B-D). Furthermore, we have r,_, =r,_, =B
and rgz_, = rg_p =L, labelling the Bragg and Laue
families of Green functions. The expressions for A, and
A,, using the new variables x and y, are given in Table

t The relations between the x and y coordinates and the positions of
source and exit points measured in (r,, r;) are given in Appendix A.

r(S)
(0.b)
Sa
(5:b5,) (a5
SO
(a,b)
(a-b,a) (s,,s,-(a-b))
(a,a+b)
(2a-b,a)

Fig. 4. The Laue family of regions, or regions with source S on the
surface B. a = I/sinf,, and b = r,(S)/sinb,,.
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1. In this table, we have also included the actual
expressions for ¢ gef b/€. The definitions of x and y are
chosen to simplify the mathematical treatment, espe-
cially the surface integrations and the implementation
in Mathematica.
Ko, a dimensionless absorption coefficient, is defined
by:
def
Mo = uL.
To obtain analytical expressions or numerical values for
P,, we have to find:
(a) the families of functions: G,(s,, s,|m; r);
b) the surface integration
fM(;;m,s) dy fS(y.;‘:m,S) dx.

(14)

set-up:

2.4. Field solutions

The extinction factor is usually expressed as a series
expansion in the squared ratio of characteristic length
to extinction length. This leads us to express the
boundary-value Green functions as series and search
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Table 1. Coordinates A, and A, for an exit point M
relative to a source point S, expressed in dimensionless
coordinates x and y with c =b/¢

S A, A, ¢
A-A x x -
A-D x+2y x -
B-A 2y—x x 2x-2y
B-D 20—x x 2+2y-2¢

for the expansion coefficients. Such an approach will be
outlined in the first part of this section. The results are
suitable for symbolically calculating the various terms in
a series for the generalized extinction factor for a
perfect crystal. Physically, the terms in the series
represent multiple scattering-rescattering events. In the
second part, it is pointed out that the series for G, can
be given in closed forms. Here we directly apply the
results of Uragami (1969, 1970, 1971) adopted to the
notation used in this paper. These functions are suitable
for numerical integrations.

G, [2p+1;B] G,[3p+2;L]
¢=0
q=0
1
i 1
2 ?
i 2
R ?
z - ;
4 § 3
P i 4
5 P Z
L i 5
6 P 3
. 6
7 L ?
I - 7
R i
B f 8
o L1 '
éiié HE ; 9
10 I Pl
p=0 12345 0123456728910

I=1

Fig. 5. Contributions to the field at the exit surface A.

................. 1=3
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24.1. Series expansions for the family of Green

functions. The boundary-value Green functions are
formally expressed by the series:

B(5p:53) = (1/€) (-1 GIG5,.5,) (15)

-~ (o]
Di(Sgs $4) = ikpoGp(5pr 1) = ikpy 3 (—1)"GP(s,, 5,),

n=0
(16)
where the expansion parameter u is given by
u = kukp, 2. (17)

Using equations (11) and (12), we obtain the recurrence
relations

IGY(s,,5,)/35, = Gy V(s,, 53) n>1 (18)
G (5, 5)/35 = G(s,, 5 n>1 (19)

together with
3G9 (s,, s,)/8s, =0
9GY(s,, 5,)/05, = GO(s,, 51)-

SYMMETRICAL X-RAY DIFFRACTION

Applying the boundary condition associated with the
point source, equation (4), we find the following
conditions for those sections of the crystal where first-
order scattering is present:

Gf,o)(so, Sh) = 8(3;.) (20)
G (s,, 51) = OC(sy,). (1)

© denotes the Heaviside function. We then obtain the
integral recurrence relations and boundary conditions,
from which it becomes possible to calculate the series-
expansion coefficients:

ng)(soq shlm; f)

SO
= GY(sb, 5, Im"; r) + [ ds, G (s, s,1m; 1)
b

So

= GOt s,lmby r) + L5 G s, sylmi ) (22)
G (s, sylm; 1)
Sh
= G(s,. shlm®; ) + [ ds, GY(s,,, shim; r)
s
= Gfl")(so, sblmb; r) + Cz':;')Gf,")(so, s lm; r). (23)

G.[2p+1;B] G,(2p+2;B] G [3p+1iL) G,[3p+2iL] G,\[3p+3;L}
£=0
0=0
: =
E o=1
1 :
é 0=0
E . 1
o=]
2
0=0
2
H : o=]
3
' 0=0
Z 3
E o=1
4 i _
E o=0
; 4
P P . : P o=l
5 - : H :
Py ] I | :
p=0 I 2 0 1 2 01 2 3 45012345 01234535
I=1 - =2 I=

Fig. 6. Contributions to the field at the exit surface D.
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GVs,, s,lm;r) =0  at a general interior point

(s, #0)

on the rear surface C (no
diffracted wave emitted)

G;,O)(Su, sﬁlm"; =20

G(s,,5,/1:B) =1

G5, 5,m;By=0 m>2
G;O)(so, e L) =1
GO(s,, 54125 L) =1
GOs,s,lm; L) =0  m>3.

The boundary conditions correspond to those used by
Uragami (1971). s and s% are coordinates for the
boundary points for the region in question. m® repre-
sents a neighbouring region or the crystal boundary. In
general, the functions G and G are continuous
across a region border for any order n. The integral
operators L,, and L, implicitly defined in equations
(22) and (23), are given in Tables 2 and 3.

By applying the recurrence relations, equations (22)
and (23), it 1s possible to analytically calculate the
coefficients G (so,s,,lm r) in principle to any order n.

2.4.2. Closed expressions for the fields. Using the
work of Uragami (1971), we find recurrence relations
for the boundary-value Green functions expressed in
closed forms. The results are:t

Laue family:

Gu(s,. sp13p + 15 L)
= Gy(s,, 5413p — 2, L) + w(s,, 5,13p — 1; L)

+ w(s,, 5,13p; L) (24)
G5, s413p +2; L)
= Gy(s,, sy3p + 1: L) + wis,. s,13p +2;L)  (25)
G (5,5, 5413p +3; L)
= Gu(s,, 5,130 + 1; L) + w(s,, s,13p + 3;L); (26)
Bragg family:
G (5,0 5412p + 1, B)
= G,(s,, 412p; B) + w(s,, s,12p + 1; B) 27
Gl 5412p +2 B)
= Gu(s,, 8412p + 1, B) + w(s,, 5412p +2:B);  (28)
where we have
G5, $nl15 L) = Jo[2(us,s,)'*] (29)

Gy(s,.5411;B) = Jo[z(“sosh)l/z] + (sp/5,)), [2(usash)l/2]'
(30)

In the Laue case, it is convenient to handle regions with
p even and p odd separately. Thus, the region counters

t J, is the Bessel function of order n.
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Table 2. Defining integral operators for the Bragg family,

r=B;p=0,1,...
Region CL’:IB) ﬁ},’::m
m = 2p+1 f;" ds/, ;,: ds;,
SO
m = 2p+2 ./2(p+1) ds/, f::-z ds,

Table 3. Defining integral operators for the Laue family,

=L;p=0,1,...and c = b/t

Region » £mb LY

m = 3p+1 Odd f(l;ﬂ)_c ds, (f; D dsi
Even f;” ds, flh dsy

m=3p+2  Odd [r_ ds, [ ds,
Even Lh_f ds;) j;+c

m = 3p+3 0dd [, ds, Y. A
Even f(:,"”)_r ds, j;:i(z,c) dsj,

will be of the type 6p+i with
i=1,...
become:

p=0,1,... and

,6. The actual functions w(s,,s,|m;L) then

w(s,, sy|6p +2; L)
= (=1P(ls, —@p + /Is, + 20 + ™!
X J2p+2(2{u[so +@2p+)lls, —@2p+ C)]}l/z)
@1
w(s,, s,l6p + 3; L)
= (1Y (s, — [(2p +2) — c])
X (s +[2p+2)— )7
x Jy, [Z(u{so —-[2p+2)—c]}
x {sy +[@2p +2) = )"
w(s,, s,16p +5; L)
= (=1¥"lsy — 2p +2))/ls, + (2p + D)y
X Jypsa(2luls, + 2p + Dls, — 2p + 2)')
(33)

(32)

w(s,. s,16p + 6; L)
= (=10"{ls, — @p + 2)I/Is4 + (2p + 2P
X Jopia(2uls, — 2p + 2)lls, + 2p +2)1}7).
(34)
In the Bragg case, we have:
W(sr 54l2p + 1; B)
= (=1¥6ss = 2p)/(s, + 2p)*!
X Jyp 2 {2{uls, +2p)(s), — 2P)]1/2}
+ (1Y sw = 2p)/(s, +2p)F

X Jop{2[us, + 2p)(s, — 2p)]'} 35)
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Table 7. Relations between exit and entrance surface integration; B-D scattering
m 4 1 y x
3p+1 (p.p+3) la (0,¢-p) (p+1-2y,p+1)
p odd 1b (¢—p, p+1-0) (p+1-2y,2¢-2y—p+1)
1c (p+1-¢,1) (2¢—p—1,2¢—2y—p+1)
(p+l p+1) 2a 0, p+1-¢) (p+1-2y,p+1)
2b P+1-¢,¢-p) (2¢—p—1,p+1)
2c ¢—p, 1) (26—p—1,2¢-2y—p+1)
3p+1 (p.p+) la (0,¢-p) (2¢—2y—p. 2¢—p)
p even 16 (&—p,p+1-7) (p.2¢-p)
1c (p+1-¢.1) (p. P+2-2y)
(p+3.p+1) 24 0, p+1-¢) (2¢—2y—p,2¢-p)
2b P+1-¢,¢5-p) (2¢—2y—p, p+2-2y)
2c ¢-p.1) (p.p+2-2y)
3p+2 (p.p+1) 1 0,¢—p) (p+1,¢—y+1)
p odd (p+1, p+2) 2 (0, p+2—¢) (2¢—p—1, ¢—y+1)
3p+2 (p.p+1) 1 0,¢—p) &=y, 2¢-2y—p)
p even (p+1, p+2) 2 (0, p+2—7) (&—y,p+2-2y)
3p+3 (P, p+1) 1 P+1-¢,1) (¢—y.2¢—p-1)
p odd (p+1,p+2) 2 (¢-p—-1,1) =y, p+1)
3p+3 P, p+1) 1 (p+1-¢, 1) (p+2-2y, £—y+1)
p even (p+1, p+2) 2 (¢—p-1,1) (2¢—2y—p, L—y+1)
with expansion coefficient regions
£, 11, D) G(A g Bylmy(g: )i rg) = 1. (44)
=1/28") Yy ¥ [ dy [ dx We write:

S m=m,(£;8) M({;m.s) S(;y;m,s)

X I8, Ay dlms ry) expl—po(8, + A,)] - (42)
and expansion parameter:
&= |u| x & = (/2A; cos6,,)". (43)

As indicated in equation (42), the number of regions
that should be included in the calculation of the
expansion coefficients depends on the expansion order
n. n should be greater or equal to n,(m) before the
region m contributes. The physical reason is that, for
the wavefield to reach that particular region, it has to
experience a certain number of scattering-rescattering
events. It is found that

n.(m)=m/2
Nin (M) = (m +3)/6

Bragg family

Laue family,

where integer division is understood.

It now becomes straightforward to calculate the
ordinary absorption factor A for the ¢ x / crystal in the
symmetrical scattering case. In the kinematical limit, i.e.
when n = 0, we have no multiple scattering and

A= féq)(fy ,U«o)

The regions m = my(¢; S) that will contribute have a
zeroth-order term in their field expansion and for those

A=A p) =120y ¥ [ dy

s m=m(£:S) M({:m,S)

x exp[—uo(A, + Ayl

[ dx

S yim,s)

(45)

3. Results
3.1. Series expansion — asymptotic properties

By studying the contributions to the diffracted field
originating from different regions within the crystal, we
find that an asymptotic value of the series-expansion
coefficients is reached, when the pure Laue (B-D)
contribution equals zero. In terms of scattering-
rescattering events, each region in the two families can
be characterized by a minimum number of events
necessary to reach the region. Since the expansion
order n corresponds to the number of such events, we
have that the asymptotic level occurs when an increase
of { (or equivalently g) gives no additional field
contributions to that particular order, cf. §2.6. The
asymptotic expression depends only upon the A-A,
B-A and A-D scattering processes. This type of field
regime should occur when

q9-4,=2n/2)+2, (46)

where n/2 denotes integer division.
Thus, for g > ¢q,:

f(q) — f{Asymp)
n n M
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Such a pattern is observed when normal absorption is
included, cf. §3.3. In the case of zero absorption, the
asymptotic behaviour occurs already when

gp =n. (47)

In this case, the contribution from the pure Laue field,
B-D, is different from zero. However, contributions
from A-A, B-A and A-D scattering effectively cancel it
out, leaving the asymptotic expression.

We also find that the contribution from B-A scat-
tering generally equals that from the A-D scattering.
This may qualitatively be explained by simple symmetry
arguments: When reversing the scattering process, the
B-A case represents the A-D case and vice versa.
Furthermore, the expansion coefficients £ do not
depend on the parameter o, which merely labels two
different integration schemes giving the same final
result.

The kinematical limit is given by the zeroth-order
expansion coefficientt f7. Table 8 gives the analytical
expressions for the various contributions to f; in the
zero-absorption case. The different terms add to 1 for
all {. Fig. 8 illustrates the functional dependence upon ¢.
We notice that Laue transmission (B-D scattering) is
dominant when ¢ < 4/5 while Bragg reflection (A-A
scattering) gives the main contribution when ¢ > 2. In
the range 4/5 < ¢ < 2, the mixed scattering terms are
the most important.

By using equation (42), we are able to analytically
calculate the series-expansion coefficients, f. The
results up to n = 4 are shown in Fig. 9. The curves are
all continuous over every interval specified by ¢, and
are descending functions of ¢. Using equation (41), we
find for the primary extinction factorsi for the first
three ¢ ranges:

Y0 =1 - (2/3)(2 — {)E + (4/45)(9 — 50& — . ..
(48)
YTV =1 — (2/38°)(—1 + 20§ + (4/458°)(10 — 24¢
+408 =30 +92° — )& — ... (49)
YO =1 - (2/38)(—1 + 20§ + (8/458°)(—11 + 120)€
— (50)

The series-expansion results have been used to verify
and extend the extinction factor curves given by
Olekhnovich & Olekhnovich (1978) for the special case
of a square-cross-section crystal (Larsen, 1997). Within
their domain of applicability, the agreement with the
present treatment seems to be exact.

t When it is not explicitly necessary, we do not use the (gq) label for
the coefficients 2.

1 We reserve the symbol y, for the case when only multiple scattering
is included in the calculation. For convenience, only results up to
second order are shown.

SYMMETRICAL X-RAY DIFFRACTION

Table 8. Expansion coefficients f, for the various
scattering processes

Scattering <1 1<¢<2 =2
A-A ¢4 ¢/ 1-1/¢
A-D =B-A {4 1-1/2¢—¢/4 172¢
B-D 1-3¢/4 —141/¢+2/4 0

Now consider only the Laue contribution (B-D) for
q = 0. This is found to be
YED) = (1 — (3/4)5] — [4/3 — (23/24)]8
+[4/5 — (379/720)0)¢*

—[16/63 — (99/640)¢]E +....  (51)

In the case of a semi-infinite crystal plate, I — oo and
hence ¢ — 0. Applying this condition to equation (51)
and introducing a modified expansion parameter, §, , by

§=;§ or
& = (t/A,,cos 90;.)2,

we get the following series solution for the primary

(52)

fo

1
A-A

08}\ B-D

0.6

0.4

02 A-D+B-A

4
2 4 6 8 10

Fig. 8. Contributions to the kinematical integrated power from the
various scattering processes.

4
1 2 3 4 5

Fig. 9. Series-expansion coefficients, f?, as a function of ¢ for
n=1{1,2,34. u=0and & =0.
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(Laue) extinction factor:

v, =1—=(1/3)%, + (1/20)&2 — (1/252)&; + ...

= (/&) L 111 28)- (53)
n
This result is identical to the well known expression for
Laue transmission in a perfect semi-infinite crystal plate
first derived by Zachariasen (1945, 1967).
The pure Bragg contribution (4-A) to the extinction
factor in the asymptotic limit is:

y;’Asymp.A*A) =(=1+4+)/¢ - [2(-3 +20)/30)¢
+[8(=23 + 120)/450°)¢

—[32(=79 4+ 340) /3151 + ... (54)
Redefining the expansion coefficient,
£p = 45/8 = (I/ A,y 5in6,,), (55)

and using it in the appropriate limit, { — oo, we get the
following series solution for the primary “extinction
factor:

¥, =1~ (1/3)5 + (2/15)€% — (17/315)8 + ..
= (tanh &%)/},

which is the familiar expression for a symmetrical Bragg
reflection in a semi-infinite crystal (Darwin, 1922;
Zachariasen, 1945).

The expansion for the primary extinction factor,
equation (41), is a slowly convergent series. This is
illustrated in Fig. 10 where the upper limit in &, corre-
sponding to an upper bound in the absolute error in the
calculated extinction factor of 107%, is shown as a
function of ¢. A series expansion including the tenth-
order term is used in this calculation. Although both &
and ¢ are functions of ¢, I and 6,,, which renders some
degrees of freedom, it is clear that numerical methods
are necessary to increase the potential of our approach.

(56)

25
20
15

10

4
2 4 6 8 10

Fig. 10. Limiting value of the expansion parameter £ as a function of
the parameter {. Actual values of & should stay below the limiting
curve to keep the absolute error in the calculation of the extinction
factor within 107*, Ten terms are used in the series expansion.
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3.2. Numerical results for the primary extinction factor

By using equation (13) together with Uragami’s
results for the boundary-value Green functions, cf.
§2.42, we are able to perform numerical integrations
giving the primary extinction factor for a range of
different scattering conditions. In Figs. 11, 12 and 13, y,
is plotted as a function of t/A, for 6, € (5°,30°, 55°)
with t/l = 1/4 and 4. The case of §,, = 5°, t/l =1/41is
very close to the ‘pure’ Laue situation. On the other

Fig. 11. Primary extinction factor for 6, = 5° as a function of t/A,.
Solid line: t// = 4, dashed line: ¢/l = 1/4.

2 4 6 8

Fig. 12. Primary extinction factor for §,, = 30° as a function of t/A .
Solid line: t/! = 4, dashed line: ¢/l = 1/4.

02} e

2 4 6 8

Fig. 13. Primary extinction factor for 6,, = 55° as a function of t/A .
Solid line: ¢/l = 4, dashed line: ¢/l = 1/4.
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hand, the case of 6,, =55°, t/l=4 is close to the
‘pure’ Bragg situation, as is shown in Fig. 14. When
¢ <0.02, the function (53) approximates the true
extinction factor with an error < 5%, while for £ > 6
the function (56) gives results <8% from the true
values.

3.3. Absorption

By taking photoelectric absorption into account
through the dimensionless parameter p, defined in
equation (14), we find expressions for the normal
absorption factor A using equation (45). We obtain:
forg=00=<¢<1)

A = [—1 + exp(2ue8) — 410l + 2108 eXp(2ptol) + 85E
— 615871/8108 exp(2ag?): (57)

forg=1(1<¢<2):

A =1/5exp(2ued) +1/8u5¢ — 1/2408 expl24to)
+3/8u0¢ exp(2168) — 1/ ot exp(2440¢)
— 1/exp(21108) + 1/411 + 1/2p0 exp(2148)
+ /4 exp(249)-

The asymptotic regime for n = 0 occurs, according to

equation (46), when g = 2. Thus, equation (59) covers
the whole range ¢ > 2.

(58)

A =[3 —dexp(2u,) + exp(4uy) + 41
— 2108 + 2468 exp(414)1/8158 exp(dto).

Considering a semi-infinite crystal, we obtain expres-
sions identical to those found in the literature (Maslen,
1995). Fig. 15 shows the absorption factor as a function
of ¢ with p, as parameter.

The results given by equations (57)—(59) might serve
as checkpoints for the algorithms used for absorption
correction in crystallographic computing, cf. Hall et al.
(1995).

(59)

| |

2 4 6 8 10 Aon

Fig. 14. Comparison of the calculated primary extinction factor for
6,, = 55° and t/l = 4 (dashed line) with the Bragg curve (solid
line) from the fundamental theory, both as functions of I/A .

SYMMETRICAL X-RAY DIFFRACTION

3.4. Generalized extinction factor

The combined attenuation effect from both normal
absorption and multiple scattering is taken into account
when calculating the generalized extinction factor y. In
Fig. 16, we have compared the generalized extinction
factor y with y, x A. It is seen that for the transmission
case, 0, = 0°, the curves overlap. This is because all

A
1
(a)
08
' (b)
0.6
(©)
0.4
0.2 @)
L :
05 1 LS 2 25 3

Fig. 15. Absorption factor as a function of ¢ (a) py =0.1, (b)
o =03, (c) po =90.6 and (d) p, =1.5.

Y, Yp X A

i
0.8
0.6
0.4

0.2

(a)

0.5 ] 1.5 2 2.5 3 A

(b)

Fig. 16. Comparison between the generalized extinction factor, y,
(solid line) and the product y, x A (dashed line) for a square-
cross-section (¢/l = 1) crystal. Case (a) is calculated for 6,, = 0°
and case (b) for 6,, = 45°. The absorption factor is chosen such
that uA,, =0.5.
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scattering routes will have the same effective path
length. For 8, > 0°, this is not the case. Here the
contributions do not factorize and y > y, x A for every
t/A,,.

In structural analysis, the factorization scheme is
adopted in the data reduction but one tries to bypass
the above problem by using absorption-weighted mean
free path lengths in a refinement of the extinction
factor, cf. Becker & Coppens (1974a,b, 1975).

Anomalous scattering may also be included in the
generalized extinction factor through the phase angle
®, equation (7), and by using amplitude-corrected
structure factors (knowing f’ and f”) in the calculation
of the extinction length, A ,, equation (8). In a model
study on small germanium crystals, we have used the
present formalism combined with the anomalous scat-
tering factors calculated by Kissel and co-workers
(Kissel et al, 1995) to investigate the generalized
extinction factor as a function of the wavelength of the
incident radiation. An example for the moderately
strong 131 reflection is shown in Fig. 17. ®;5,(1) and
Aji5(A) are given in Figs. 18 and 19. The prominent
feature of the set of curves in Fig. 17 is the photoelectric
K threshold apparent at A >~ 1.1211 A. We observe that
the extinction factors approach unity (i.e. the kinema-
tical limit) when A — 0. As the wavelength increases,
the extinction curves decrease smoothly towards the
photoelectric threshold. A more rapid decrease is
observed as the crystal dimension increases. At the
threshold, resonant scattering is of great importance.
However, the theory for calculating f' and f” is not
capable of adequately describing resonance effects that
take place here, leading to unreliable values in the
correction terms (Kissel er al, 1995, Cromer &
Liberman, 1970).

Finally, at the low-energy side of the threshold, the
attenuation is of course reduced owing to the reduction
of the photoelectric absorption coefficient, but the

0.5 0.75 1 1.25 1.5

Fig. 17. Generalized extinction factor as a function of wavelength
A (A) for crystal dimensions {a,b,c,d, e} ={2,4,6,8,10} pm.
Germanium, reflection 131; square-cross-section crystal geometry

(/1 =1).

1.75 2
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extinction factor curves continue to decrease as the
wavelength increases. It is however interesting to note
the different rates at which the curves decline. The
effect of crystal dimension is important, and at the two
highest values, ¢ = {8, 10} um, the curves tend to flatten
out. It has been found (Larsen, 1997) that for stronger
reflections the generalized extinction factors show an
oscillating behaviour as a function of A for low energies.

4. Conclusions

The boundary-value Green function technique com-
bined with the Takagi-Taupin equations comprises a
powerful tool in handling dynamical X-ray scattering in
finite crystals. We have shown how to obtain general-
ized extinction factors for a rectangular ¢ x [/ crystal
geometry. The analytical calculations confirm the find-
ings from standard plane-wave fundamental theory in
the limit of a semi-infinite crystal plate. A key to the
success of the method is its easy implementation in a
symbolic software system such as Mathematica. This
enables us to perform series expansions in principle to

[\
100
80
60
40
05 075 1 125 15 175 2

Fig. 18. The phase sum ® (°) as a function of the wavelength A (A) for
the 131 reflection in germanium.

Ach

0.5 0.75 1 1.25 1.5 1.75 2

Fig. 19. The extinction length A,, (pm) as a function of the
wavelength A (A) for the 131 reflection in germanium.
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Table 9. Coordinates for a point M on an exit surface in relation to a source point §

Surfaces A,

A-A (1/2c088,,)lr,(M) = 7,(S)]

A-D (1/2cos8,,)[t — r(S)] + (1/2sinb,,)r, (M)
B-A (1/2 cosB,,)r,(M) — (1/2sin6,,)r,(S)
B-D (1/2cos8,,)t + (1/2sin6,,)[r, (M) — r (S)]

Ap

(172 cos6,,)[r (M) — r,(5)]

(1/2cos6,,)[t — r ()] — (1/2sin 8, )r, (M)
(172008 6,41, (M) + (1/25n8,,)1, ()
(1/2co0s6,,)t — (1/2sin6,,)[r, (M) — r,(S)]

Table 10. Change of variables — definitions

Surfaces Entrance

A-A ro(S) = ro(M) — 2cos,,x

A-D r(S) =t —[r;(M)/tanéb,,] —2cosb,,x
B-A r(S) =2sinf,,x — ry(M)tané,,

B-D ri(S) =2sin6,,x + r;(M) — ttanf,,

any order. However, for higher-order terms, the calcu-
lations become very complex and time and memory
consuming, and numerical methods become necessary.
The extension of this work to the case of non-
symmetrical scattering, which increases the geometrical
complexity of the problem, will be the subject of a
forthcoming paper, c¢f. Thorkildsen & Larsen (1997).

APPENDIX A
Al. Coordinate systems

With the origin of the local coordinate system on the
entrance surface A, the relation between the local
(s,. s,) and global (r,, r;) coordinates for a general point
within the crystal is given by

8o = (1/2.¢08 6,,)[ro — ro(S)] + (1/2sin 6,4)r,

. (60)
sp = (1/2¢086,)[ro — ro(S)] — (1/2sin 6,)r;.

With the origin of the local coordinate system on the
entrance surface B, the relation between the local and
global coordinates for a general point is given by

8, = (1/2¢086,,,)ro + (1/2sin 6,,)[r; — ri(S)}

. (61)
s, = (1/2cos0,,)ry — (1/2sin6,,)[r; — r ()]

A2. Coordinates for an exit point M

It is convenient to represent an exit point M in the
(rg,r;) coordinate system. On exit surface A,
ro(M) € (0,1) and r,(M) = 0, while, on exit surface D,
ro(M) = t and r;(M) € (0, /). The coordinates for an exit
point with respect to the appropriate source point, ie.
A, and A,, are given in Table 9.

A3. Definition of new variables

The surface integrations are simplified by introducing
a set of variables, (x, y), with somewhat different defi-
nitions according to the actual combination of entrance
and exit surfaces. The definitions are given in Table 10.

Exit
ro(M) =2cos8,,y
r(M)=2siné,,y
ro(M) =2cos6,,y
ry(M) =2sinf,,y
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